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Abstract
We will study homological properties of noetherian rings. As a bridge between the n-Gorenstein
property and the dominant dimension, we will introduce the dominant numbers of rings and
prove their left–right symmetry (Section 1.1). The (l, n)-condition (Section 2.2) on selfinjective
resolutions provides a useful tool on our study. Moreover, we will give two dualities on n-Gorenstein
rings (Sections 1.2, 1.3), where one of them is closely related to the Auslander–Reiten theory
(Section 1.3.1).
 2003 Elsevier Inc. All rights reserved.
Throughout this paper, we denote by Λ a noetherian ring, by ModΛ (respectively
modΛ) the category of left Λ-modules (respectively, finitely generated left Λ-modules),
by fdX (respectively pdX, idX) the flat (respectively projective, injective) dimension
of X ∈ ModΛ, and by 0 → Λ→ I 0(Λ)→ I 1(Λ)→ ·· · the minimal injective resolu-
tion of Λ ∈ modΛ. We call Λ n-Gorenstein if fd I i(Λ)  i holds for any i (0 i < n),
and Auslander–Gorenstein (respectively Auslander-regular) if idΛΛ = idΛΛ <∞ (re-
spectively gl.dim.Λ <∞) and Λ is n-Gorenstein for any n. These rings have been studied
widely (see the reference of [C]). Especially, it is well known that Λ is n-Gorenstein if and
only if so is Λop [FGR, 3.7].
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We denote by grX := inf{i  0 | ExtiΛ(X,Λ) 	= 0} the grade of X ∈ modΛ. For an
n-Gorenstein ring Λ and l  n, the subcategory {X | grX  l} of modΛ is abelian and
closed under subfactor modules and extensions (Section 2.4).
1.1. Our first result concerns the sequence {fd I i(Λ)}0i and its symmetry. We say that
l  0 is a dominant number of Λ if fd I i(Λ) < fd I l(Λ) holds for any i (0 i < l).
Theorem. Let Λ be an n-Gorenstein ring. Then any dominant number l of Λ with
l < n satisfies fd I l(Λ) = l. Moreover, the set of dominant numbers of Λ smaller than
n coincides with that of Λop , and with both of {grX | X ∈ modΛ,grX < n} and {grX |
X ∈modΛop,grX < n}.
1.1.1. For a 1-Gorenstein ring, dom.dimΛ is equal to the minimal positive dominant
number. Thus we obtain the following corollary immediately.
Corollary [T,H1]. dom.dimΛ= dom.dimΛop.
1.2. Our second result is a duality about a full subcategory Cl (Λ) := {X | X =
ExtlΛ(Y,Λ) for some Y ∈modΛop with grY  l} of modΛ. It generalizes results in [Iw]
and [I3] (see Section 2.8.1).
Theorem. Let Λ be an n-Gorenstein ring and 0 l < n− 1. Then El := ExtlΛ( ,Λ) gives
a duality between Cl (Λ) and Cl (Λop), and El ◦El is isomorphic to the identity functor.
1.3. Our third result is another duality between simple Λ-modules and simple
Λop-modules, which has a remarkable representation theoretic interpretation in some
special cases in Section 1.3.1. See [I4] for further information. It would be quite interesting
problem to find such interpretation for more general class of rings. We call a ring Λ
noetherian algebra if the center R of Λ is noetherian and Λ is a finitely generated
R-module.
Theorem. Let Λ be an n-Gorenstein noetherian algebra and 0  l < n. Then Fl :=
soc ExtlΛ( ,Λ) gives a duality between simple Λ-modules X with grX= l and that of Λop,
and Fl ◦ Fl is isomorphic to the identity functor. Moreover, grElX /FlX > l holds.
1.3.1. Let ∆ be an artin algebra [ARS] (respectively, order over a complete discrete
valuation ring [CR]). Assume that ∆ is of finite representation type, namely the number of
isomorphism classes of indecomposable objects in mod∆ (respectively, the category lat∆
of ∆-lattices) is finite. We denote by M the direct sum of these indecomposable objects,
and by Λ := End∆(M) the Auslander algebra (respectively Auslander order) of ∆. It is
a quite important object in the representation theory, and it is well known that Λ is an
Auslander-regular ring with gl.dim.Λ 2 (see [ARS,ARo,I3]).
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projective∆-modules (respectively lattices) and indecomposable non-injective∆-modules
(respectively lattices). In terms of Λ, this means that Ext2Λ( ,Λ) gives a duality between
simple Λ-modules X with pdX = 2 and that of Λop . In [I1], this observation was used to
define τ -categories (see [I1, 2.2]).
(2) The Nakayama functor gives a bijection between indecomposable projective
∆-modules and indecomposable injective ∆-modules (respectively lattices). In terms of Λ,
this means that soc HomΛ( ,Λ) (respectively soc Ext1Λ( ,Λ)) gives a duality between
simple Λ-modules X with pdX < 2 and that of Λop. In [I2], this observation was used
to define Nakayama pairs in τ -categories (see [I2, 2.2] and [I3, 2.3]).
2. The (l, n)-condition on rings
We denote by modΛ the stable category, by Ω : modΛ→ modΛ the syzygy functor,
and by Tr : modΛ→ modΛop the transpose functor [AB]. Put (̂ ) := HomΛ( ,Λ) and
En := ExtnΛ( ,Λ) : modΛ→modΛop for n 0, and Tn := tr◦Ωn−1 : modΛ→modΛop
for n > 0. For any X ∈ modΛ and n > 0, we have exact sequences
0 → Ω TnX → Ω2Tn+1X → EnX → 0 and 0 → EnX → TnX → Ω Tn+1X → 0 by
definition. We denote by sgrX := inf{grY | Y ⊆ X} the strong grade [AR1] and by
rgrX := inf{i > 0 | EiX 	= 0} the reduced grade [H2].
2.1. Let Λ be a noetherian ring, X ∈modΛ and Y ∈modΛop .
(1) For n > 0, we have a functorial isomorphism αX,Y : HomΛ(TnY ,X) →
HomΛ(TnX,Y ). Moreover,Tn gives a duality {X ∈modΛ | rgrX  n}→ {Y ∈modΛop |
rgrY  n} such that Tn ◦Tn is isomorphic to the identity functor, and restricts to duali-
ties {X ∈ modΛ | grX  n} → {Y ∈ modΛop | rgrY  n, pdY  n} and {X ∈ modΛ |
grX n, pdX  n}→ {Y ∈modΛop | grY  n, pdY  n}.
(2) If rgrX  n > 0, then we have a functorial homomorphismβX,Y : HomΛ(Y,EnX)→
HomΛ(X,TnY ). If grY  n, then βX,Y is an isomorphism with the inverse En.
(3) If grX  n 0, then we have a functorial homomorphism γX,Y : HomΛ(Y,EnX)→
HomΛ(X,EnY ). If grY  n, then γX,Y is an isomorphism with the inverse γY,X. Moreover,
put δX := γX,EnX(1EnX). Then δX = Ena holds for a natural inclusion a :EnX→ TnX if
n > 0.
Proof. (1) See [I1, 2.3.1(2)].
(2) Fix projective resolutions 0 → ΩnX → Pn−1 → ·· · → P0 → X → 0 of X and
Qn → ·· · →Q0 → Y → 0 of Y . Taking (̂ ), we obtain an exact sequence 0 ← EnX←
Ω̂nX← P̂n−1 ← ·· ·← P̂0 by rgrX  n.
For any f ∈HomΛ(Y,EnX), we can take the following commutative diagram:
0 EnX Ω̂nX P̂n−1 · · · P̂1 P̂0
0 Y
f
Q0 Q1 · · · Qn−1 Qn
(∗)
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0 ΩnX Pn−1 · · · P1 P0 X
g
0
0 Q̂0 Q̂1 · · · Q̂n−1 Q̂n TnY 0
(∗∗)
If f = 0, then these chain morphisms are homotopically zero and g = 0 holds. Thus
we obtain a well-defined map βX,Y (f ) := g, which is a functorial homomorphism.
Assume grY  n, then (∗∗) is also a diagram of exact sequences. Hence f = Eng
holds, and βX,Y is injective. Conversely, for arbitrary g ∈ HomΛ(X,TnY ), we take a
commutative diagram (∗∗). Taking (̂ ), we obtain a diagram (∗) for f := Eng. This means
βX,Y (Eng)= g.
(3) We can prove quite similarly to (2) by changing the above diagrams as follows:
0 EnX Ω̂nX P̂n−1 · · · P̂1 P̂0 0
0 Y
f
Q0 Q1 · · · Qn−1 ΩnY 0
(∗)
0 ΩnX Pn−1 · · · P1 P0 X
g
0
0 Q̂0 Q̂1 · · · Q̂n−1 Ω̂nY EnY 0
(∗∗)
The last assertion is immediate by taking (̂ ) of the following commutative diagram:
0 TnX P̂n P̂n−1 · · · P̂1 P̂0 0
0 EnX
a
Ω̂nX P̂n−1 · · · P̂1 P̂0 0
0 EnX Q0 Q1 · · · Qn−1 Ωn EnX 0
⋃
✷
2.2. Definition [I3, 6.1]. For l, n > 0, we say that Λ satisfies the (l, n)-condition if the
following equivalent conditions (i) and (ii) are satisfied.
(i) fd I i(Λ) < l holds for any i (0 i < n).
(ii) sgrElX  n holds for any X ∈modΛop .
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Λ satisfies the (l, n)op-condition if Λop satisfies the (l, n)-condition. By definition, Λ is
n-Gorenstein if and only if Λ satisfies the (l, l)-condition for any l (0< l  n). Notice that
the equivalence of (i) and (ii) above much simplifies the equivalence of (a) and (c) in the
famous theorem [FGR, 3.7] and that of (b) and (d) in theorem [AR2, 0.1].
2.3. If rgrX > n and pdY < n, then we can easily check Ext1Λ(X,Y )= 0.
Lemma. Let Λ be a noetherian ring.
(1) If grEiX > i holds for any i (0 i  n), then grX > n.
(2) Assume that Λ satisfies the (l, n)-condition. Then any X ∈ modΛ with grX  l
satisfies sgrX n, and any Y ∈modΛop with grY  l satisfies grY  n.
(3) If Λ satisfies the (k, l)op and (l, n)-condition, then Λ satisfies the (k, n)op-condition.
Proof. (1) Since the assertion for n = 0 is easy, we assume n > 0 and the as-
sertion for n − 1 is true. Thus grX  n holds. We have an exact sequence 0 →
Ω TnX→Ω2Tn+1X→ EnX→ 0, where pdTnX  n holds by 2.1(1). Since Ext1Λ(EnX,
Ω TnX) = 0 holds by grEnX > n and the remark above, EnX is a submodule of
Ω2Tn+1X. Since HomΛ(EnX,Λ)= 0 holds, we obtain EnX = 0.
(2) Since grX  l implies X = Tl TlX = El TlX by 2.1(1), the former assertion
follows. Since grY  l and the (l, n)-condition imply grEiY > i for any i (0  i < n),
the latter assertion follows from (1).
(3) Take X ∈ modΛ. Since grEkX  l holds by the (k, l)op-condition, (2) implies
grEkX  n. Thus Λ satisfies the (k, n)op-condition. ✷
2.4. Immediately, we obtain the following proposition from 2.3(2), (3).
Proposition. Assume that a noetherian ring Λ satisfies the (l, l) and (l, l)op-condition.
Then Λ satisfies the (l, n)-condition if and only if Λ satisfies the (l, n)op-condition. The
subcategory {X | grX  l} of modΛ (or modΛop) is abelian and closed under subfactor
modules and extensions. Thus grX  l is equivalent to sgrX l.
2.5. Proof of 1.1. Put m := fd I l(Λ) for a dominant number l < n. Then m l holds,
and Λ satisfies the (m, l) and (m+ 1, l + 1)-condition. Suppose m< l. Since Λ satisfies
the (l, l + 1)-condition, Λ satisfies the (l, l + 1)op-condition by 2.4. Hence Λ satisfies
the (m, l + 1)-condition by the dual of 2.3(3), a contradiction to m = fd I l(Λ). Thus
l = fd I l(Λ) holds. Since Λ does not satisfy the (l, l + 1)-condition, Λ does not satisfy
the (l, l + 1)op-condition by 2.4. Hence l = fd I l(Λop) holds, and the second assertion
follows. To show the third assertion, notice that l < n is not a dominant number of Λ if and
only if Λ satisfies the (l, l + 1)-condition. By 2.3(2) and 2.2(ii), this is equivalent to that l
is not in the set {grX |X ∈modΛop, grX < n}. ✷
2.6. We denote by I (X) the injective hull of X ∈ModΛ. Prof. Miyachi kindly pointed
out the author that the following analogy of [M, 4.1] holds by a parallel argument:
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l0 < l1 < · · ·< lt−1 < lt = n a sequence. Then the following are equivalent.
(1) Λ is n-Gorenstein with the set of dominant numbers {li}0i<t smaller than n.
(2) sup{fd I (X) |X ∈ModΛ, fdX < li} = li−1 for any 0 < i  t .
2.7. Lemma. Let Λ be a noetherian ring, X ∈modΛ with grX  n and δX in 2.1(3).
(1) There exists an exact sequence 0→ En−1 EnX→ En+1Tn+1X→X δX−→ EnEnX→
En+2Tn+1X→ 0, and El EnX = El+2Tn+1X holds for any l 	= n,n+ 1.
(2) Assume idΛΛ < ∞ and ElX = 0 holds for any l 	= n. Then X ∈ Cn(Λ), EnX ∈
Cn(Λop), δX is an isomorphism and El EnX= 0 holds for any l 	= n.
Proof. (1) Since the assertion for n= 0 is well-known [AB], we assume n 1. We have
an exact sequence 0→ EnX a→ TnX→Ω Tn+1X→ 0, where pdTnX  n, rgrTnX  n
and δX = Ena hold by 2.1(1), (3). Since it is easily checked that aˆ = 0 holds, we obtain the
assertion from the usual long exact sequence of ext-groups.
(2) Tn+1X = Ωl+1Tn+l+2X holds for any l by the exact sequence 0 → EkX →
TkX → Ω Tk+1X → 0. Since idΛΛ <∞, we obtain rgrTn+1X = ∞. Thus δX is an
isomorphism, and El EnX = 0 holds for any l 	= n by (1). Thus X ∈ Cn(Λ). ✷
2.8. Theorem. Let n 0 andΛ a noetherian ring satisfying the (l, l) and (l, l)op-condition
for l = n,n+ 1, n+ 2. Then En gives a duality between Cn(Λ) and Cn(Λop), and En ◦En
is isomorphic to the identity functor.
Proof. Since Λ satisfies the (n,n) and (n,n)op-condition, En defines a functor Cn(Λ)↔
Cn(Λop). Fix X,Y ∈ modΛop with grX,grY  n. Since Λ satisfies the (l, l)-condition
for l = n + 1, n+ 2, EnδX :EnEnEnX→ EnX is an isomorphism by 2.7(1). By 2.1(3),
we have an isomorphism γX,EnY : HomΛ(EnY ,EnX)→ HomΛ(X,EnEnY ), which is the
composition HomΛ(EnY ,EnX)
En−→ HomΛ(EnEnX,EnEnY ) δX−→ HomΛ(X,EnEnY )
by the functoriality. In particular, En :Cn(Λ)→ Cn(Λop) is faithful. To prove it is full,
we only have to show that HomΛ(EnEnX,EnEnY )
δX−→ HomΛ(X,EnEnY ) is injective.
If f ∈ HomΛ(EnEnX,EnEnY ) satisfies δXf = 0, then Enf EnδX = 0 implies Enf = 0
and f = 0. ✷
2.8.1. Remark. (1) Assume that Λ is Auslander–Gorenstein. If X ∈ modΛ satisfies
ElX = 0 for any l 	= n, then X ∈ Cn(Λ) holds by 2.7(2). Thus the duality En in 2.8 restricts
to that in [Iw, Theorem 4].
(2) Assume idΛΛ= idΛΛ = n and Λ satisfies the (n,n) and (n,n)op-condition. Then
again 2.7(2) shows Cn(Λ)= {X | grX  n}, which is an abelian subcategory closed under
subfactor modules and extensions by 2.4. Thus 2.8 generalizes both [Iw, Theorem 8]
concerning holonomic modules and [I3, 6.2].
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[B]. We can easily prove the following proposition by 2.1(2). It gives a positive answer to
Björk’s question [B, p. 144], which was proved in [BE, 2.11] by a different manner.
Proposition. Let Λ be a noetherian ring satisfying the (n,n)op-condition. If X ∈ modΛ
satisfies grX = n, then EnX is pure with grEnX = n.
Proof. Since the assertion for n = 0 is obvious, we assume n > 0. Take a non-zero
injection f ∈HomΛ(Y,EnX). Put g := βX,Y (f ) ∈ HomΛ(X,TnY ). Since grY  n holds
by the (n,n)op-condition, βX,Y gives an isomorphism HomΛ(Y,EnX)→HomΛ(X,TnY )
of usual Hom-groups by 2.1(2). Thus g 	= 0 holds. If grY > n, then the exact sequence
0 → EnY → TnY → Ω Tn+1Y → 0 implies that TnY = Ω Tn+1Y is a submodule of a
projective module. Thus HomΛ(X,Λ) 	= 0, a contradiction. ✷
2.10. Now we will show the following corollary, which implies 1.3 immediately.
Theorem. Let n 0 and Λ a noetherian algebra satisfying the (l, l) and (l, l)op-condition
for l = n,n + 1. Then Fn := socEn gives a duality between simple Λ-modules X with
grX = n and that of Λop, and Fn ◦ Fn is isomorphic to the identity functor. Moreover,
grEnX /FnX > n holds.
Proof. Let X be a simple Λ-module with grX = n and E :=EnX.
(i) We will show that E is a finite length Λop-module.
From our assumption, the center R of Λ is noetherian and Λ is a finitely generated
R-module. Put I := annR X and R¯ := R/I . Then X is an R¯-module such that any
r ∈ R¯ − {0} satisfies rX =X. Hence R¯ is a domain and its quotient field acts on X. Since
X is a finitely generated R-module, R¯ is a field. Since E is finitely generated over Λop , so
is over R¯. Thus E has a finite length over R and Λop.
(ii) We will show that sgrE/Y > n holds for any non-zero submodule Y of E.
By 2.4, we only have to show grE/Y > n. Let f ∈ HomΛ(Y,E) be the inclusion and
g := γX,Y (f ) 	= 0. Since X is simple, we have an exact sequence 0 → X g→ EnY →
En(Y )/X→ 0. Since f = δY Eng holds (proof of 2.8), we obtain Enf = EnEng ·EnδY .
Since we obtain an exact sequence EnEnY
Eng−→ EnX → En+1(En(Y )/X), EnEng is
injective by the (l, l)op-condition for l = n,n+ 1. Since EnδY is injective by the (l, l)op-
condition for l = n,n + 1 and 2.7(1), Enf is also injective. By an exact sequence
0→ Y f→E→E/Y → 0 and sgrE  n, we obtain grE/Y > n.
(iii) E is pure with grE = n by 2.9. If E has non-zero submodules Y1 and Y2 such that
Y1 ∩ Y2 = 0, then E is a submodule of E/Y1 ⊕ E/Y2, a contradiction to grE = n and
sgr (E/Y1 ⊕E/Y2) > n by (ii). Since Y := socE = FnX is non-zero by (i), Y is simple
with grY = n. Dually, FnY is simple. Since g := γX,Y (f ) ∈ HomΛ(X,EnY ) is non-zero
for the inclusion f ∈ HomΛ(Y,EnX), we obtain X = FnY . The following commutative
diagram shows that Fn is full faithful.
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 g
EndΛ(EnX)
f
soc
HomΛ(X,EnY )
γY,X∼
HomΛ(Y,EnX) EndΛ(Y ) ✷
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